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It is known that the stochastic generators of effective processes associated
with the unconditioned dynamics of rare events might consist of non-local
interactions; however, it can be shown that there are special cases for which
these generators can include local interactions. In this paper we investigate
this possibility by considering systems of classical particles moving on a one-
dimensional lattice with open boundaries. The particles might have hard-core
interactions similar to the particles in an exclusion process or there can be
arbitrary many particles at single site as in a zero-range process. Assuming
that the interactions in the original process are local and site-independent, we
will show that under certain constraints on the microscopic reaction rules, the
stochastic generator of unconditioned process can be local but site-dependent.
As two examples, the asymmetric zero-temperature Glauber model and the
A-model with diffusion are presented and studied under the above mentioned
constraints.
PACS numbers: 05.40.-a,05.70.Ln,05.20.-y
Keywords: stochastic particle dynamics, Markov process, effective stochastic
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I. INTRODUCTION
The study of stochastic processes in steady-state both around a typical value of a time-
integrated observable or far from it, has become of great interest during recent years. The
dynamics of a stochastic process far from the typical value of a defined time-integrated
observable can be described by an unconditioned Markov process [1-5]. The stochastic
generator of this unconditioned Markov process is, in principle, non-local. It might also
contain long-range interactions even if the interactions in the original process are short-
range. As an example, this unconditioned dynamics, which is sometimes called the effective
dynamics, is studied for a one-dimensional Ising chain with periodic boundary condition
in which the model undergoes a phase transition from paramagnetic phase, consisting of
short-range interactions, to a ferromagnetic phase resulting from long-range interactions
[6]. In [7], certain constraints are found for a system of classical particles with hardcore
interactions defined on a one-dimensional lattice with open boundaries and nearest-neighbor
interactions under which the generator of effective stochastic process has the same dynamical
rules (reaction rules) as the original process.
In this paper, in comparison to what has been done in [7], we aim to investigate a more
general case. By defining a time-integrated physical observable and considering an stochastic
Markov process of interacting particles defined on a finite lattice of L lattice-sites with open
boundaries and assuming that the interactions between the particles are short-range, local
and site-independent, we investigate the constraints under which the effective interactions
in the effective dynamics of the original system which is conditioned on an atypical value of
a time-integrated physical observable, are local and short-range but site-dependent. This
means that the reaction rules depend on the lattice-site where the interaction occurs.
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2A similar study has been done in [8] for a zero-range process defined on a finite lattice
of length L with open boundaries. It has been shown that under certain constraints and
for an atypical value of the local current between the left reservoir and the first lattice-site
of the chain, the interactions in the effective dynamics of the zero-range process are site-
dependent. This feature can be quite important since the microscopic interactions influence
the macroscopic properties of non-equilibrium steady-states. For example, in [9], it has been
shown that the condensation transition and also the coarsening dynamics in a homogenous
zero-range processes (where the transition rates are site-independent) and the heterogenous
zero-range processes (where the transition rates are site-dependent) are different.
As we have already mentioned we will consider systems of classical particles on finite
lattices with open boundaries. Two types of particles will be considered: the hardcore
particles and noninteracting particles. The hardcore particles have hard-core interactions so
that each lattice site can be occupied by at most one of them while noninteracting particles
can accumulate on a single lattice site. We will show that our approach is quite general
so that it contains the calculations and results of [7,8]. It means that their work can be
considered as special cases of our calculations. It is worth mentioning that our calculations
hold for any arbitrary time-integrated observable which can be local or global. Two types of
time-integrated observables are known. The first type observable depends on the transition
between consecutive configurations that the system meets during the observation time.
The second type observable depends on the configurations that the system visits during the
observation time.
Certain constraints will be obtained for both hardcore particle and noninteracting particle
systems in the most general form under which the transition rates of the effective stochastic
process are site-dependent. We will present two examples by considering the activity of
the system (the number of times that the system changes its configuration during the
observation time) as time-integrated observable. The first example is the asymmetric zero
temperature Glauber model [10]. The second example is the A-model with diffusion [11].
The explicit form of stochastic generator for the effective processes are obtained for both
cases. It is shown that the effective generators of both examples under the constraints are
short-range and site-dependent.
The paper is organized as follows. In section II, the mathematical tools are introduced
and the basic concepts are reviewed briefly. In section III, the constraints are determined
under which for each arbitrary time-integrated observable in a hardcore particle system, the
transition rates of effective stochastic process are local and site-dependent. We will finally
investigate the asymmetric zero temperature Glauber model as an example. In section IV,
we determine the constraints under which for each arbitrary time-integrated observable in
a noninteracting particle system, the transition rates of effective stochastic process are local
and site-dependent. We will finally present the A-model with diffusion as an example.
II. MATHEMATICAL TOOLS
We start with a stochastic Markov process in continuous time dynamics. This is defined
by a finite set of configurations {C}, and transition rates w(C → C´) for transitions from
configurations C to configurations C´. The probability p(C, t) of finding the system in
configuration C at time t evolves in time according to the following master equation,
∂tp(C, t) = −r(C)p(C, t) +
∑
C´
w(C´ → C)p(C´, t) (1)
where r(c) =
∑
C´
w(C → C´) is the rate of escape from configuration C.
To study the dynamics of stochastic process, we start with a ”path microcanonical ap-
proach”, classifying paths or trajectories (a trajectory is defined by a sequence of configura-
tions and a sequence of times) by the values of a time-integrated observable. Two types of
time-integrated observables are known. The first type observable A1 depends on the tran-
sitions between consecutive configurations that the system meets during the observation
3time.
A1 =
∑
jumpsC→C´
a1(C → C´) (2)
where the sum runs over all transitions within a trajectory. For example, if a1(C → C´) = 1,
then A1 is the activity. a1(C → C´) is the contribution of the stochastic transition C → C´
to A1.
The second type observable A2 depends on configurations that the system visits during the
observation time.
A2 =
∫ t
0
dτa2(C(τ)) (3)
where C(τ) is the configuration of the system at τ . a2(C(τ)) depends only the configura-
tion of the system at time τ . Taking the path microcanonical approach, the probability
p(C,A1, t) of being at configuration C at time t, having observed a value A1 of the time-
integrated observable up to t evolves in time according to the following equation:
∂tp(C,A1, t) =
∑
C´
w(C´ → C)p(C´, A1 − a1(C´ → C), t)
− r(C)p(C,A1, t) (4)
and the probability p(C,A2, t) of being at configuration C at time t, having observed a value
A2 of the observable up to t evolves in time as:
∂tp(C,A2, t) =
∑
C´
w(C´ → C)p(C´, A2, t)− (r(C)p(C,A2 , t)
+ a2(C)∂A2p(C,A2, t)) (5)
On the other hand, considering a biasing field s and moving to the Laplace space of
the observable, we can construct a biased dynamics. This is the same as moving from a
microcanonical ensemble to a canonical one in equilibrium statistical mechanics. Here, s
plays the role of inverse temperature in the canonical ensemble.
Taking the Laplace transform of (4) with respect to A1, the equation of evolution for
p(C,A1, t) is
∂tp(C, s, t) =
∑
C´
e−sa1(C´→C)w(C´ → C)p(C´, s, t)
− r(C)p(C, s, t) (6)
In an operator notation ∂t|P (s, t)〉 = W (s)|P (s, t)〉 [12], where W (s) is the generator of
biased dynamics in the space of configurations {C}, its matrix elements are
(W (s))
C,C´
= w(C´ → C)e−sa1(C´→C) − r(C)δ
C,C´
(7)
As can be seen, only non-diagonal part of W (s) is modified by s.
Also, we take the Laplace transform of (5) with respect to A2, the equation of evolution for
P (C,A2, t) is
∂tp(C, s, t) =
∑
C´
w(C´ → C)p(C´, s, t)− (r(C) + sa2(C))
p(C, s, t) (8)
In the operator notation mentioned above, the matrix elements of W (s) are
(W (s))
C,C´
= w(C´ → C)− (r(C) + sa2(C))δC,C´ (9)
4This time, it is the diagonal part of the generator of biased dynamics which is modified by
s.
Alternatively, It has been shown that there is a time translation invariant regime during
which one can construct an effective (unconditioned) stochastic dynamics whose unbiased
trajectories coincides with the those of biased dynamics [6].
Considering the eigenvalue equations for W (s)
W (s)|Λ(s)〉 = Λ(s)|Λ(s)〉 (10)
〈Λ˜(s)|W (s) = Λ(s)〈Λ˜(s)| (11)
it has been shown that using a generalization of Doob’s h-transformation of the generator
of biased dynamics W (s), the stochastic generator of unconditioned (effective) process is
given by [6,14]
W eff (s) = UW (s)U−1 − Λ∗(s) (12)
where U is a diagonal matrix with elements 〈C|U |C〉 = 〈Λ˜∗(s)|C〉. The asterisk shows the
largest eigenvalue and corresponding left and right eigenvectors of the generator of biased
dynamics W (s).
Also, transition rates of the effective Markov process are [5]:
(W eff (s))
C´,C
= (W (s))
C´,C
〈Λ˜∗(s)|C´〉
〈Λ˜∗(s)|C〉 for C 6= C´ (13)
in which (W (s))
C´,C
, (W eff (s))
C´,C
are rates of change C → C´ in the biased and in effective
stochastic process, respectively.
III. EFFECTIVE GENERATOR WITH SITE-DEPENDENT INTERACTIONS IN A
HARDCORE PARTICLE SYSTEM
We consider a system of hardcore particles with nearest neighbor interactions on a finite
one-dimensional lattice with open boundaries, from there particles can enter or exit the
lattice. The dynamical rules in the original process is
00→ 01 with rate ω21 ; 00→ 10 with rate ω31
01→ 00 with rate ω12 ; 10→ 00 with rate ω13
01→ 10 with rate ω32 ; 10→ 01 with rate ω23
01→ 11 with rate ω42 ; 10→ 11 with rate ω43
11→ 01 with rate ω24 ; 11→ 10 with rate ω34
00→ 11 with rate ω41 ; 11→ 00 with rate ω14
We investigate the constraints under which the effective generator of the original system with
an atypical value of a time-integrated physical observable contains local (short-range) but
site-dependent interactions. Since U in (12) is a diagonal matrix with elements 〈C|U |C〉 =
〈Λ˜∗(s)|C〉, one choice is where 〈Λ˜∗(s)| is in a product form
〈Λ˜∗(s)| = (1 x1)⊗ (1 x2)⊗ (1 x3)⊗ (1 x4)⊗ ...⊗ (1 xL) (14)
Considering an arbitrary time-integrated observable, W (s) cab be written as
W(s) = l(s)⊗ I⊗L−1 +ΣL−1i=1 I⊗i−1 ⊗ h(s)⊗ I⊗L−i−1
+ I⊗L−1 ⊗ r(s) (15)
in which I is a 2 × 2 identity matrix and h(s), l(s), and r(s) are
h(s) =


´´ω11 ω´12 ω´13 ω´14
ω´21 ´´ω22 ω´23 ω´24
ω´31 ω´32 ´´ω33 ω´34
ω´41 ω´42 ω´43 ´´ω44


5the ”primed” and ”double primed” rates are non-diagonal and diagonal elements of h(s),
respectively. They are obtained through (7) or (9) based on the type of the time-integrated
observable that we consider in the calculations.
l(s) =
(
a b
c d
)
r(s) =
(
f g
h k
)
Considering (11), certain constraints are obtained under which 〈Λ˜∗(s)| is in form of (14).
L1 = L2 + C12 −A12
R1 = R2 +BL−1,L −AL−1,L
Bi,i+1 + Ci+1,i+2 = Ai,i+1 +Ai+1,i+2
Ai,i+1 +Di,i+1 = Bi,i+1 + Ci,i+1 (16)
in which variables are
Ai,i+1 = ´´ω11 + ω´21xi+1 + ω´31xi + ω´41xixi+1
Bi,i+1 =
ω´12 + ´´ω22xi+1 + ω´32xi + ω´42xixi+1
xi+1
Ci,i+1 =
ω´13 + ω´23xi+1 + ´´ω33xi + ω´43xixi+1
xi
Di,i+1 =
ω´14 + ω´24xi+1 + ω´34xi + ´´ω44xixi+1
xixi+1
L1 = a+ cx1
L2 =
b+ dx1
x1
R1 = f + hxL
R2 =
g + kxL
xL
(17)
Also, the largest eigenvalue of W (s) is required to be
Λ∗(s) = R1 + L1 +Σ
L−1
i=1 Ai,i+1 (18)
Our calculations hold for any arbitrary time-integrated observable which can be local or
global. Equations (16)-(18) reduce to equations (9) and (10) of [7] for all xs = 1 and A1
6being a time-integrated current. Therefore, [7] can be considered as a special case of our
calculations.
W eff (s) has a structure similar to (15). From (13), considering activity as a time-
integrated observable, the explicit form of effective generator related to the interactions
between sites i and i+ 1, heffi,i+1(s), is obtained
heffi,i+1(s) =


ω11 ω12e
s 1
xi+1
ω13e
s 1
xi
ω14e
s 1
xixi+1
ω21e
sxi+1 ω22 ω23e
s xi+1
xi
ω24
1
xi
es
ω31xie
s ω32e
s xi
xi+1
ω33 ω34e
s 1
xi+1
ω41e
sxixi+1 ω42e
sxi ω43e
sxi+1 ω44


Hence, the generator of effective dynamics contains local but site-dependent interactions. It
is noted that according to (13), for two-site creation or annihilation reaction, if xi = xi−2,
the effective interactions are local but site-independent.
A. Example:Asymmetric Zero Temperature Glauber Model
In this section, asymmetric zero temperature Glauber model is presented as an example to
show that how the general constrains lead to local but site-dependent effective interactions
in the original system of hardcore particles with atypical values of activity as the time-
integrated observable. In the bulk of the lattice, the dynamic of the process is ω13 = ω1
and ω43 = ω2, and other transition rates in the bulk of the lattice are zero. Also, particles
enter and exit the left boundary with rates α and γ, respectively. In the right boundary,
particles enter with rate δ and exit with rate β.
considering x1 = 1 and constraints (16) lead us to
α = γ
δ = β = 0 (19)
and
s = ln
ω1 + ω2
ω1 + ω2x2
(20)
s is a set of values under which the effective stochastic generator is local but site-dependent.
Also, for 2 ≤ i ≤ L, we have
xi =
−ω1 + xi−1(ω1 + x2ω2)
xi−1ω2
(21)
Solving the above equation, xi is obtained:
xi =
uv(−v + ( v
u
)i(u− 1) + 1)
u( v
u
)i(u− 1) + v(−v + 1) (22)
where u and v are
u =
ω1+x2ω2
ω2
+
√
(ω1+x2ω2
ω2
)2 − 4ω1
ω2
2
v =
ω1+x2ω2
ω2
−
√
(ω1+x2ω2
ω2
)2 − 4ω1
ω2
2
(23)
7Using Vieta formula, the normalization factor of 〈Λ˜∗(s)|, Z is obtained:
L∏
i=1
(1 + xi) =
L∑
k=0
ek(x1, x2, ..., xL) (24)
ek is defined as the following:
ek(x1, ...., xL) =
∑
1≤j1<j2<...<jk≤L
xj1xj2 ...xjk (25)
Since 〈Λ˜∗(s)|C〉 is the probability of observing the configuration C at the initial time in
the biased dynamics [6], we have
− ω1 + xi−1(ω1 + x2ω2) > 0 (26)
this is a necessary constraint under which 〈Λ˜∗(s)| is in form of (14). For any positive ω1, ω2,
from (20) and (26), it is concluded that the effective generator is local but site-dependent
for negative and small positive s.
Numerically, it is obtained that the unnormalized effective stationary state |PTTI〉 for
negative and small positive s and any arbitrary positive values of ω1 and ω2 is
|PTTI〉 =


0
...
0
1
0
...
0
1


(27)
The elements 2L−1th and 2Lth of the vector are one. The element 2L−1th is related to the
configuration {0, 1, 1, ...., 1} in which only the first site of the lattice is empty and the others
are occupied. The element 2Lth is related to the configuration {1, 1, 1, ..., 1} in which all
sites are occupied. Other elements of the vector are zero.
PTTI(C) is the probability of observing the configuration C in the stationary state of the
effective dynamics [6].
In addition, Using
PTTI(C) = 〈C|Λ∗(s)〉〈Λ˜∗(s)|C〉 (28)
〈C|Λ∗(s)〉 can be simply obtained [6].
The largest eigenvalue is given by
Λ∗(s) = −α+ αes (29)
Through Legendre Fenchel transformation, the rate function is [13].
I(J) = J ln
J
α
+ α− J (30)
Finally, from (13), the explicit form of heffi,i+1 is obtained. For example, h
eff
12 and h
eff
23
which are the effective generators of sites one, two and two, three, respectively, are obtained:
h
eff
1,2 =


0 0 ω1
ω1+ω2
ω1+ω2x2
0
0 0 0 0
0 0 −ω1 − ω2 0
0 0 ω2
ω1+ω2
ω1+ω2x2
x2 0


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eff
2,3 =


0 0 ω1
x2
ω1+ω2
ω1+ω2x2
0
0 0 0 0
0 0 −ω1 − ω2 0
0 0 ω1+ω2
x2(ω1+ω2x2)
(−ω1 + x2ω1 + x22ω2) 0


It can be seen that the effective transition rates under certain constraints are local but
site-dependent.
IV. EFFECTIVE GENERATOR WITH SITE-DEPENDENT INTERACTIONS IN A
NONINTERACTING PARTICLE SYSTEM
We consider a noninteracting particle system with nearest-neighbor interactions on an
L-site one-dimensional lattice with open boundaries, from there particles can enter or exit
the lattice, The dynamical rules in the original process is
(ni)(ni+1)→ (ni − 1)(ni+1 + 1) with rate ω1
(ni)(ni+1)→ (ni + 1)(ni+1 − 1) with rate ω2
(ni)(ni+1)→ (ni + 1)(ni+1) with rate ω3
(ni)(ni+1)→ (ni − 1)(ni+1) with rate ω4
(ni)(ni+1)→ (ni)(ni+1 + 1) with rate ω5
(ni)(ni+1)→ (ni)(ni+1 − 1) with rate ω6
(ni)(ni+1)→ (ni − 1)(ni+1 − 1) with rate ω7
(ni)(ni+1)→ (ni + 1)(ni+1 + 1) with rate ω8
in which ni denotes the number of particles on site i.
In the boundaries, particles can enter and exit the left boundary with rates α and γ, re-
spectively, and in the right boundary with rates δ and β, respectively.
Now, we investigate constraints under which the effective dynamics of a noninteracting par-
ticle system with an atypical value of an arbitrary time-integrated observable contains local
(short-range) but site-dependent interactions. Like the case of hardcore particle system, the
left eigenvector corresponding to the largest eigenvalue of W (s) is considered in a product
form.
〈Λ˜∗(s)| = 〈y1| ⊗ 〈y2| ⊗ ...⊗ 〈yL| (31)
Considering an arbitrary time-integrated observable whether depends on the transition
between consecutive configurations or configurations that the system visits during the ob-
servation time, W (s) is written through Doi-Peliti formalism [11]:
W(s) = ΣL−1i=1 ω´1aia
†
i+1 + ω´2a
†
iai+1 + ω´7aiai+1 + ω´8a
†
ia
†
i+1
− ´´ω1ni − ´´ω2ni+1 − ´´ω7nini+1 − ´´ω8 +ΣLi=1ω´3a†i+
ω´4ai − ´´ω3 − ´´ω4ni +ΣL−1i=1 ω´5a†i+1 + ω´6ai+1 − ´´ω5−
´´ω6ni+1 + α´a
†
1 + γ´a1 − ´´α− ´´γn1 + β´aL + δ´a†L − ´´βnL
− ´´δ
(32)
where a† and a are infinite dimensional particle creation and annihilation matrices, respec-
tively. ω´is and ´´ωis are non-diagonal and diagonal elements of W (s), respectively. They are
obtained through (7) or (9) based on the type of the time-integrated observable that we
consider in the calculations.
Considering (11), certain constraints are obtained under which 〈Λ˜∗(s)| is the left eigenvector
corresponding to the largest eigenvalue of W (s)
ω´1yi+1 − ( ´´ω1 + ´´ω4 + ´´ω2 + ´´ω6)yi + ω´2yi−1 = −ω´4 − ω´6 (33-a)
ω´7y
−1
i y
−1
i+1 =
´´ω7 (33-b)
9ω´1y2 − ( ´´ω1 + ´´ω4 + ´´γ)y1 = −ω´4 − γ´ (33-c)
ω´2yL−1 − ( ´´ω2 + ´´ω6 + ´´β + ´´ω4)yL = −ω´6 − ω´4 − β´ (33-d)
From (33-b), it is clear that for a stochastic process which contains a two-site creation or
annihilation reaction, the effective dynamics of the system can never be site-dependent.
So, since we investigate constraints under which effective dynamics contains site-dependent
interactions, we ignore these two reactions and continue our calculations with the remaining
ones. Certain constraints are obtained that under which 〈Λ˜∗(s)| is the left eigenvector
corresponding to the largest eigenvalue of the generator of biased dynamics:
b+yi+1 + biyi + b−yi−1 = b0 (34-a)
f2y2 + f1y1 = f0 (34-b)
gLyL + gL−1yL−1 = g0 (34-c)
In (34-a), b+ = ω´1, bi = −( ´´ω1 + ´´ω2 + ´´ω4 + ´´ω6), b− = ω´2 and b0 = −(ω´4 + ω´6). In (34-b),
f2 = ω´1, f1 = −( ´´ω1 + ´´ω4 + ´´γ) and f0 = −(ω´4 + γ´). In (34-c), gL = −( ´´ω2 + ´´ω4 + ´´ω6 + ´´β),
gL−1 = ω´2 and g0 = −(ω´4 + ω´6 + β´).
Using the ansatz
yi = AZ
i
1 +BZ
i
2 + Z0 (35)
after a slight simplification, from (34-a), we have:
Z1,2 =
−bi ±
√
b2i − 4b+b−
2b+
(36-a)
Z0 =
b0
b+ + b0 + b−
(36-b)
From (34-b) and (34-c), A and B are determined:
A = − (−g0 + (g−1+L + gL)Z0)(f1 + f2Z2)Z2 + (f0 − (f1 + f2)Z0)Z
−1+L
2 (g−1+L + gLZ2)
Z−1+L1 (g−1+L + gLZ1)Z2(f1 + f2Z2)− Z1(f1 + f2Z1)Z−1+L2 (g−1+L + gLZ2)
(37-a)
B =
(−(g0 − (g−1+L + gL)Z0)Z21 (f1 + f2Z1) + (f0 − (f1 + f2)Z0)ZL1 (g−1+L + gLZ1))Z2
ZL1 (g−1+L + gLZ1)Z
2
2 (f1 + f2Z2)− Z21 (f1 + f2Z1)ZL2 (g−L+1 + gLZ2)
(37-b)
From (36-a), the valid area for calculations is obtained:
( ´´ω1 + ´´ω2 + ´´ω4 + ´´ω6)
2 ≥ 4ω´1ω´2 (38)
The largest eigenvalue of W (s) is required to be
Λ∗(s) =
L∑
i=1
ω´3yi − ´´ω3 +
L−1∑
i=1
ω´5yi+1 − ´´ω5 + α´y1 − ´´α+ δ´yL − ´´δ (39)
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Using (12), the explicit form of effective stochastic generator is obtained:
W eff (s) = ΣL−1i=2 ω´1yi+1y
−1
i aia
†
i+1 − ´´ω1ni + ω´2aia†i−1yi−1y−1i
− ´´ω2ni + ω´1y2y−11 a1a†2 − ´´ω1n1 + ω´2aLa†L−1yL−1y−1L
− ´´ω2nL + ω´3a†iyi − ´´ω3 + ω´4aiy−1i − ´´ω4ni + ω´3a†1y1
− ´´ω3 + ω´3a†LyL − ´´ω3 + ω´4a1y−11 − ´´ω4n1 + ω´4aLy−1L
− ´´ω4nL + ω´5yia†i − ´´ω5 + ω´5yLa†L − ´´ω5 + ω´6aiy−1i
− ´´ω6ni + ω´6aLy−1L − ´´ω6nL + α´y1a†1 − ´´α+ γ´a1y−11
− ´´γn1 + β´y−1L aL − ´´βnL + δ´yLa†L − ´´δ − (
L∑
i=1
ω´3yi
− ´´ω3 +
L−1∑
i=1
ω´5yi+1 − ´´ω5 + α´y1 − ´´α+ δ´yL − ´´δ)
(40)
Hence, the effective generator under constraints is local (short-range) and site-dependent.
It is worth mentioning that if the constraints obtained are applied on zero-range process
with open boundary and local current between left reservoir and the first site, as studied in
paper [8], the above constraints reduce to those in [8]. it means that [8] is a special case of
our calculations.
A. Example:A-model with diffusion
As an illustration, A-model [11] with diffusion on an L-site one-dimensional lattice with
open boundaries is presented to show that how constrains which is obtained in previous
section result in local but site-dependent effective interactions in the original system with
an atypical value of activity as the time-integrated observable. The original dynamics is
the same as the previous section with ω7 = 0 and ω8 = 0.
From (38), the domain of s is obtained:
− ln ω1 + ω2 + ω4 + ω6
2
√
ω1ω2
≤ s ≤ ln ω1 + ω2 + ω4 + ω6
2
√
ω1ω2
(41)
and 〈Λ˜∗(s)| in (31) is obtained from (35) to (37-b). Also, the largest eigenvalue of W (s) is
Λ∗(s) =
L∑
i=1
ω3(e
syi − 1) +
L−1∑
i=1
ω5(e
syi − 1) + α(esy1 − 1)
+ δ(yLe
s − 1)
(42)
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From (12), the explicit form of effective generator of A-model with diffusion is obtained:
W eff (s) = ΣL−1i=2 ω1e
syi+1y
−1
i aia
†
i+1 − ω1ni + ω2esaia†i−1
yi−1y
−1
i − ω2ni + ω1esy2y−11 a1a†2 − ω1n1 + ω2es
aLa
†
L−1yL−1y
−1
L − ω2nL + ω3esa†iyi − ω3 + ω4es
aiy
−1
i − ω4ni + ω3esa†1y1 − ω3 + ω3esa†LyL − ω3
+ ω4e
sa1y
−1
1 − ω4n1 + ω4esaLy−1L − ω4nL + ω5
esyia
†
i − ω5 + ω5esyLa†L − ω5 + ω6esaiy−1i − ω6ni
+ ω6e
saLy
−1
L − ω6nL + αesy1a†1 − α+ γesa1y−11
− γn1 + βesy−1L aL − βnL + δesyLa†L − δ − (
L∑
i=1
ω3e
syi − ω3 +
L−1∑
i=1
ω5e
syi+1 − ω5 + αesy1 − α+
δesyL − δ)
(43)
So, the effective generator of A-model with diffusion under the constraints is local and
site-dependent
V. CONCLUSION
It is known that the particle interactions in the stochastic effective generator of a particle
system which is conditioned on an atypical value of a time-integrated observable is usually
non-local. In this paper we have shown that there are certain cases for which these effective
interactions are local (short-range). The systems that we have considered consist of classical
particles hoping on a one-dimensional lattice of finite size with open boundaries. Two types
of particles have also been considered: the hardcore particles and noninteracting particles.
The hardcore particles have hard-core interactions so that each lattice site can be occupied
by at most one of them while noninteracting particles can accumulate on a single lattice
site.
It turns out that the left eigenvector corresponding to the largest eigenvalue of W (s)
plays an important role in the structure of the effective generator; therefore, by conjecturing
different types for this vector, in comparison to the most simplest case introduced in [7],
we have been able to find certain constraints, which define certain process, for which the
stochastic effective generator can be calculated exactly. The key point to this achievement
was, in fact, considering a product form for the left eigenvector corresponding to the largest
eigenvalue of W (s).
It is worth mentioning that our calculations are true for any arbitrary time-integrated
observable, such as particle current, which can be local or global. On the other hand, the
physical observable can be of the type which depends on the transition between consecutive
configurations or configurations that system visits during the observation time.
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